We describe new solutions for open string moving in AdS 5 and ending in the boundary, namely dual to Wilson loops in N = 4 SYM theory. First we introduce an ansatz for Euclidean curves whose shape contains an arbitrary function. They are BPS and the dual surfaces can be found exactly.
I. INTRODUCTION
The understanding of the AdS/CFT correspondence between N = 4 SYM theory and the dual type IIB string theory on AdS 5 × S 5 has seen steady progress in recent years. Recently, the study of the correspondence between open string solutions and the dual Wilson loops received renewed attention. Following earlier discussions [1, 2] on the cusp anomaly, in [3] the authors proposed that the planar four gluon scattering amplitude is described, at strong coupling, by an open string solution ending on a sequence of four light-like lines at the boundary of AdS 5 space in T -dual coordinates. This strong coupling string calculation is in agreement with the gauge theory conjecture of [4] . A series of papers studied various aspects of this proposal [5, 6, 7, 8] 1 . The proposal put forward in [3] was further analyzed in [10] . There, a prescription of how to compute amplitudes for processes that involve local operators and gluon final states was also proposed. While the string ends on light-like lines at the horizon in ordinary AdS 5 space, the operator insertion leads to string solutions going to the boundary of ordinary AdS 5 space, and which, at the same time are stretched in the direction in which the momentum of the operator is non-trivial.
Motivated by these recent developments in understanding various gauge theory scattering processes at strong coupling through a string description, we find in this extending to infinity and the other W 2 given by a closed contour. In that case the conjecture is that W 2 = e − √ λ W 1 at the leading order in strong coupling λ. The usual example is the straight-line W 1 = 1 and the circle W 2 = e − √ λ . It would we interesting to obtain the relationship between the Wilson loops W 1,2 also at subleading orders in strong coupling.
1 See also [9] and the references therein.
In the second part of this paper we exploit the relation between the AdS 5 pp-wave and pure AdS 5 to find new open string solutions in the latter space. We extend the solution obtained in [16] in this context to other, more complex solutions. We find solutions ending on two straight light-like lines in the x + direction on the boundary in the pp-wave AdS 5 space, which when translated in the pure AdS 5 look like hyperbolas in a (t, x) plane. Another new solution that we find is one that ends on a time-like straight line in the time direction. In pure AdS 5 coordinates it looks like a tangent shaped line in a (x ± = 1 √ 2 (x ± t)) plane. The function z = z(x) for fixed t is a line with one end on the boundary, and the other at the horizon. We suggest that this type of solution can describe the scattering between a quark at the boundary moving at a speed less than the speed of light and a gluon coming out from infinity. However, it corresponds to forward scattering. It should be desirable to look for other solutions in which the incoming gluon changes direction. We find also solutions that end on two parallel lines in the time direction in the pp-wave, which are mapped into two tangent type Wilson lines on the boundary in pure AdS 5 space.
The organization of this paper is as follows: In the next section we described the new Wilson loops solutions found using an ansatz in light-cone coordinates. In section III we describe the solutions found by conformally mapping the pp-wave onto flat space. Finally we give our conclusions in the last section.
II. STRING SOLUTIONS ENDING ON OPEN/CLOSED SPACE-LIKE WILSON

LOOPS.
The Nambu-Goto action for a string moving in AdS 5 in Poincaré coordinates is given by
The space-time metric is set as (here
We consider the following ansatz
where a is constant which we can set to zero (but we leave it here for later use). We also have that z = σ ≥ 0, while τ varies over the real line. The surface ends at the boundary z = σ = 0 in the (space-like) line
Our objective is to find u(σ, τ ) given an arbitrary function u(σ = 0, τ ).
Solving the equation of motion for x − , we obtain,
We also find that the equations for all the other coordinates are satisfied as long as eq. (2.5) is true. A simple check is that u = 0 is a solution corresponding to a straight line along x 2 .
The main point of this ansatz is that the resulting equation (2.5) is linear and therefore can be solved using a variety of standard methods for any initial condition u(σ = 0, τ ). Indeed, taking the Fourier transform (where we use the fact that u(σ, τ ) is real):
The general solution of this equation is
Since ω > 0 we keep the second solution which does not diverge as σ → ∞. After that, the most general solution of (2.5) is
which is the main result of this section, allowing to compute u(σ, τ ) given u(0, τ ). A simpler expression can be obtained if we define the positive frequency part of u(σ, τ ) as
Now we should find χ + (σ, τ ) given χ + (0, τ ). Using the previous calculations we find
In fact it is straight-forward to check that the function
satisfies eq.(2.5). As an example consider a bell-shaped Wilson loop
Doing the Fourier transform we obtain (assuming a > 0):
From here, using eq.(2.10), we find the solution
This is just an example to check the validity of the method. Given any shape we can write the solution in term of Fourier integrals using eq.(2.9) or (2.14).
Going back to the general solution (2.3), the action S is imaginary and proportional to the area of the worldsheet A:
The action is
where we chose the τ interval −
and T is large. Also, we introduced a cutoff, ǫ, in z to account for the divergency near the boundary. The solution (2.3) at the boundary z = 0 is an open line as τ spans the real line. While the action is divergent, one should recall [13] that in fact the physical result is obtained by adding a boundary term which precisely cancels the linear divergency , so the physical action is actually zero. This suggests that this solution is BPS as we now check. Note also that the result is independent of the function u(τ, σ).
A. Supersymmetry of the Wilson loop
The Wilson loop we considered in the previous subsection is BPS as we now proceed to prove. The arguments are well known, here we follow [21] . Given the Wilson loop
where x µ (τ ) parameterizes the path andẋ = ∂ τ x. Also, Φ 1 is a scalar field of the N = 4 SYM theory. Supersymmetry is preserved if we can find spinor solutions ǫ to satisfy
where Γ µ=±,1,2 ,Γ i=1···6 are ten-dimensional gamma matrices. In the case of the path analyzed in the previous subsection, this boils down to
Since we are taking x + (τ ) as an arbitrary function we require (in special cases such as x + = 0 or x + = τ the Wilson loop is 1 2 BPS):
Using for example the representation of gamma matrices in terms of creation an annihilation operators (see [22] ) it is easily seen that only four independent solutions exist, namely the Wilson loop preserve one quarter of the sixteen supercharges. In other words these Wilson loops are 1 4 BPS. Their expectation value should be W = 1 independent of the coupling.
Notice that in [21] 
Starting with the Nambu-Goto action in the new coordinates with metric
one can easily see that indeed (2.26) is a solution with u satisfying again (2.5). Before doing the inversion transformation, the radial coordinate z goes all the way to the horizon 0 ≤ z < ∞. After the inversionz has a maximum attained at τ = 0, and σ = a, so
. Thus after the inversion the surfaces closes up in the bulk (here we assume a = 0). More precisely, the solution (2.26) projected over the subspace x + = x − = 0 defines a sphere
which is the same as the circular solution in Euclidean space considered in [11, 12, 20] . Over that sphere x + varies according to the function x + = u(σ, τ ).
At the boundary,z = 0, i.e. σ = 0, we obtaiñ
Projected onto the subspace x − , x + = 0 this curve is a circle with radius,
Therefore, we can parametrize the solution at the boundary as follows
where
, and 0 ≤ θ < 2π. As a result of the inversion transformation the Wilson lines closes up. At least as long as we take x + = u(0, τ ) as a bounded function.
Let us compute the action for the solution (2.26)
As in the original coordinates, in the inverted coordinates we again introduce a cutoff near the boundary of AdS 5 . This cutoff is now inz. This leads to the conditioñ
This equation is equivalent to
Now we can parametrize such region with
where 0 ≤ ρ < R = 1 4ǫ 2 − a 2 , and 0 ≤ φ < 2π. Therefore the action (2.32) can be computed using this parametrization as
As One can also compute string 1-loop corrections to these solutions following the procedure developed in [14] . Let us again observe that the result in (2.38) is independent of the function u(τ, σ). This Wilson loop is not BPS but should be invariant under a superconformal charge.
Presumably the expectation value of this class of Wilson loops can be computed exactly by using the methods of [23] (generalized to Minkowski signature). Summing rainbow diagrams also leads to the same result as in the case of the circular Wilson loop. Finally, let us also mention that it would be interesting to see whether there exists any relationship between the class of solutions considered here and the ones discussed in [24] .
C. General procedure
In this subsection we show that the same procedure can in principle be applied to other solutions with Euclidean world-sheet metric. Indeed, suppose we have a metric of the form
and a (conformal gauge) solution x i =x i (σ, τ ) with x ± = 0. Now let us look for a new solution with the ansatz x + = u(σ, τ ), x − = 0, and x i =x i (σ, τ ). The constraints (recalling that we are looking at Euclidean solutions)
are automatically satisfied (if they were satisfied for the original solution). The equations of motion
are satisfied when µ = i, and, since ∂ ± g ij = 0, also for µ = +. The equation with µ = − gives
After replacing for the solution Minkowski space in the dual gauge theory. The relationship between the AdS 5 metric (here
, i = 1, 2, and we use the notation
and pp-wave AdS 5 metric
is given by [15] 
where F is given by the Schwarzian derivative
Mapping back simple solutions in the pp-wave AdS 5 background usually produce new and potentially useful solutions in pure AdS 5 .
Although in principle one can consider various functions F (x + ) to obtain new Wilson loops, in this paper we just consider the simplest non-trivial case corresponding to F (x + ) = a where a is a constant. In that case, the solution to (3.46) has the form (up to shifts
where A is a constant. Notice that in the limit a → 0, AdS 5 is mapped onto itself through
The transformation of coordinates in this case is given bỹ
where one needs to choose A < 0.
In what follows we will be concerned with the situation when F (x + ) is constant but nonzero. As in [16] let us choose f (x + ) of the form f (x + ) = 1 µ tan µx + . Therefore, the AdS 5 pp-wave metric and the transformation are
The parameter µ can be scaled away by a rescaling
, x − → µx − , so it can be set to 1. However, below we will keep µ explicitly in order to be able to make the connection to pure AdS 5 which corresponds to the limit µ → 0. Using the map (3.51) we find below new open string solutions. Let us finish this section by pointing out that the map (3.51) is singular at µx + = (2k + 1)
, k ∈ Z. This means that this map takes part of the pp-wave AdS 5 space into the full AdS 5 space.
2 Note that a shift in x + is an isometry if F (x + ) is constant.
A. Straight lines along the x + direction
1-line
We start by reviewing the solution in the AdS 5 pp-wave that ends on a single light-like solution, and was found in [16] x + = τ, x − = 0,
On the boundary σ = 0, this solution may be interpreted as the world-line of a massless quark at x − = 0. Let us point out that this is also a solution in pure [16] , where it was found that their divergent parts are related by
Let us use the transformation (3.51) and write the solution (3.52) in pure AdS 5
The worldsheet surface is given bỹ
On the boundary this solution again ends on a light-like line but now in contrast with (3.52) the string worldsheet is more complicated. For convenience let us parametrize the surface
The plot ofz as a function ofx for fixedt < 0 is shown in Figure 1 , while fort > 0 in As already pointed out, the position of the rounded spike is close to −t fort < 0 but a bit to the left of the vertical straight line (see figure 1 ). This shift depends ont and in the larget limit we obtainx s = −t − δ 1 , with
. Fort > 0 the position of the spike is a little bit to the right of the vertical line ( figure 2 ). In the limitt → ∞, we now havẽ
This means that there is a time delay in this process when moving from −∞ to ∞ int. In the limit |t| → ∞ the height of the spike goes to the horizon as z s ∼ 2 5 4 |t| µ .
The plots in figure 1 ,2, suggest that we can think of this solution as corresponding to a scattering process in the 1 + 1 dimensional world-sheet witht,x being the 2d time and space coordinates. Because of the symmetry of the solution under (x,t) → (−x, −t) this is an elastic process, which is characteristic to integrable models in 1 + 1 dimensions.
Regarding the space-time/gauge theory interpretation of this solution, it was suggested in [16] that one can identify the end of the string attached to the boundary as a quark. In addition there is the spike coming out from the horizon, which may be identified with a
gluon. Then what this solution appears to describe is a quark-gluon scattering process, but it is not clear how to make this suggestion more precise. It would be easier if one could find solutions describing scattering in which the gluon changes direction 3 .
For completeness it is interesting to compute the energy and momentum of the solution.
Since one is forcing the quark to move along a particular trajectory, they are not conserved.
In fact, the result determines the force necessary to push the quark. Fort > 0 the energy is
where dot represents derivative in respect tot, and prime is derivative in respect tox. We have introduced a small cutoff ǫ 0 , and expanded in the last line in small ǫ 0 . The cutoff ǫ 0 can be related to the physical cutoff ǫ inz by ǫ = 2t + 1 µ 2t √ ǫ 0 . Fort < 0 one obtains a similar expression
Let us compute the momentum fort > 0, P =
Fort < 0 we obtain In that respect, see [25] for some examples of how to construct solutions involving spikes.
momentum of string depend on timet, their difference does not (here we ignore the linear divergent terms)
As we already pointed out, there is a time delay when the rounded spike moves from
. In 1 + 1 dimensional theories this time delay translates into a phase-shift which semiclassically is related to the time delay as [17] dδ(E) dE = 1 2 △t(E) (3.62)
To compute this phase shift we need first to get the energy of the incoming gluon. We do not know how to define the energy of the incoming gluon but, since the only scale of the problem is µ we can assume that E ∼ µ. This gives then a phase shift δ ∼ ln E for this scattering.
2-parallel lines
Let us look now for an open string solution which at the boundary ends on two time-like parallel lines extended in the x + direction as (we assume b 1 < b 2 )
The full ansatz for such a solution is
We want to have the condition at the boundary z(b 1 ) = z(b 2 ) = 0. The Nambu-Goto
Lagrangian is explicitly dependent on σ
The equation of motion for z is
To solve this differential equation let us first consider the change in function z = σf (σ), and then a change in variable u = ln σ. Then the differential equation for f is
where here derivatives are with respect to the variable u. With the above change of variables we restricted σ to positive values, but to account also for possible solutions extended to negative σ we consider gluing different branches of solutions. Note that since z ≥ 0, the physical solutions are those with f ≥ 0. To proceed we consider the differential equation for u(f ) instead of f (u) as abovë
Setting y =u, we integrate the equation for y(f ) and obtain the solution
where c is an integration constant. We plot numerically the solution z = z(σ) in figure 3 . This solution is independent of µ.
The constant b 2 can be expressed as
and one needs to use (3.71) and integrate this expression. The integral cannot be done exactly, but numerically one can shown that relation (3.72) is satisfied. Note that b 2 drops out from (3.72) therefore b 2 is not fixed. The value of f when z is maximum can be obtained from
so that the position of the maximum in σ is
Notice that the position of the maximum z is not at half of the σ interval. The last null line is rather simple. The former line may be expressed as The hyperbolat = ± The conserved charges in the pp-wave AdS 5 background can be expressed as
Near the boundary of AdS 5 the integrals diverge, therefore we introduce a cutoff ǫ in z.
While we cannot perform the above integrals exactly we can extract the divergent parts.
Cutoff in z translates into cutoffs in f . Recall that z = 0 both for f = 0 and for f → ∞, thus there is a ǫ dependent large small cutoff in f , f min as well as a large one f max . Using (3.71) and let us expand z = σf in the limits
To compute the charges (3.81,3.82) we expand the integrands in the small and large f limits and extract only the values of the integral near f min and f max . More precisely (3.81) becomes
For the other charge (3.82) we obtain
Keeping the leading orders in ǫ in these charges, we eliminate ǫ and obtain the relationship between the divergent parts of the charges
Let us finish the discussion about the charges by pointing out that the action (3.66) on the solution is real, and up to the length of the τ interval it is the same as P + .
Let us return to the differential equation ( 
For such solutions we use the positive branch for σ < 0, and therefore this branch smoothly continues to the negative branch to negative values of σ until it reaches the boundary at σ = −b 1 . Let us find the constant c satisfying (3.88). The solutions of (3.70) for c > 0 is
where F [x, m] and Π[n, x, m] are the incomplete Elliptic functions defined as
The conditions (3.88) become
where 
and
The charge (3.81) can be written as
Expanding the integrands near f = 0 we obtain
The other conserved charge (3.82) can be computed in a similar way and we obtain
Let us observe that the divergent part of the charges do not depend explicitly on c. Eliminating ǫ we obtain the following relationship between the divergent parts of the charges
B. Straight lines along the time direction t
1-line
Let us start with the metric (3.50) restoring the time coordinate in Poincare patch (t = x 0 )
We look for a solution which at the boundary ends on a time-like line along the t direction.
A solution of this form is
Here σ > 0. In the pp-wave AdS 5 space we compute the conserved charges and obtain
where we have introduced a cutoff ǫ near the boundary and a cutoff R near the horizon.
Here cutoffs in z are the same as cutoffs in σ. The other conserved charge corresponding to the isometry along x is
Computing the action on this solution we obtain the same expression as the energy up to a factor of T , where we take −
with T large
We observe that the only divergency in ǫ is linear; like in the previous cases this divergency should be canceled by a boundary term. In the limit µ → 0 the pp-wave space is the same as pure AdS 5 , and we see that in this limit (3.104) reduces to the well known straight string solution [18] .
Let us now map this solution to pure AdS 5 . Under the map (3.51) this solution is mapped
On the boundary the straight line in pp-wave coordinates is mapped into a line with tangent shape in pure AdS 5 as shown in Figure 6 . The world-sheet surface is described by the Following what was done for the line in the x + direction in (3.57), we would like to compute the energy and momentum of string. However, in this case the computation cannot be done exactly because of the complicated form of the solution (3.106), and the fact that the equationx − + arctan µx + µ = 0 cannot be solved explicitly forx 0 =x 0 (t). This solution gives the limit of integration in the computation of energy which fort > 0 is −t ≤x ≤x 0 .
As in the case of the line in the x + direction, here we again expect that both energy and momentum of the string depend on time. The time delay for the rounded spike as it moves from one site (att = −∞ ) to the other (att = ∞) of the vertical line can be computed
and we obtain △t = 2δ
. This is the same as what we had in the case of the solution in the x + direction in section 3.1.1. Since µ is the only physical scale available we expect that asymptotically at |t| → ∞, the string energy will be again proportional to µ. Upon eliminating µ we expect that in this case the resulting phase shift is again of the form
It is also interesting to consider a solution obtained from a particle which, in the pp-wave, moves at constant velocity. It interpolates between the one at rest, considered here and the one moving at the speed of light considered in the previous subsection. The solution in flat AdS 5 space can be obtained simply by using the symmetry:
which gives, from (3.106), the new solution:
interpolating between eq.(3.106) for ξ = 1 and eq.(3.55) for ξ = 0. The boundary Wilson loop is described by the equationx
It represents a particle coming from infinity at the speed of light which slows down, attaining its minimum speed
atx =t = 0. We see that the particle is at rest at the origin when ξ = 1 and moves at the speed of light when ξ = 0.
2-parallel lines
We extend the above construction and look for a solution which at the boundary z = 0 consists of two time-like parallel lines along the t direction (let us assume b > 0)
The ansatz for such a solution is While in the pp-wave AdS 5 space, in the plane t, x we had two straight lines in the t direction, in the pure AdS 5 in the planet,x we have more complicated curves. The curves at x = ±b are plotted in the new coordinates in figure 8 . As expected, of course, the curves in the pure , with T large. Also, we introduced a small cutoff in z to account for the expected divergency near the boundary of AdS 5 . Let us recall that because of the condition (3.116) only two parameters are independent, so the action can be expressed in general as S = S(b, µ). For simplicity let us choose again µ = 1. Doing the integral and expanding in small ǫ we obtain the action
The function of d at order O(ǫ 0 ) is decreasing. It is interesting to note that for the particular
the O(ǫ 0 ) term vanishes. As in [13] one needs to regularize the area by adding a boundary term that cancels the linear divergent term solutions were found. They seem to describe gluons interacting with quarks, the gluons being described by spikes coming out from the horizon. We expect these solutions to give a basis for further generalizations and a deeper understanding of Wilson loops in superconformal theories.
